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Now IT’s TIME to move on from grade-school arithmetic to
high-school math. Over the next ten chaprers we'll be revisit-
ing algebra, geometry, and trig. Don't worry if you've forgotten
them all —there won't be any tests this time 2round. Instead of
worrying about the details of these subjects, we have the luxury
of concentrating on their most beautiful, important, and far-
reaching ideas.

Algebra, for example, may have stuck you as a dizzying
mix of symbols, definitions, and procedures, but in the end
they all boil down to just two activities—solving for x and
working with formulas.

Solving for x is derective wotk. You're searching for an un-
known number, x. You've been handed a few clues abour it,
either in the form of an equation like 2x + 3 = 7 or, less con-

veniently, in a convoluted verbal description of it {as in those

scary word problems). In either case, the goal is to identify x
from the informarion given.

Working with formulas, by contrast, is 2 blend of art and
science. Instead of dwelling on a particular x, you're manipu-
lating and massaging relationships thar continue to hold even
as the numbers in them change. These changing numbers are




46 RELATIONSHIPS

called variables, and they are whar truly distinguishes algebra
from arithmetic. The formulas in question might express el-
egant patterns about numbers for their own sake. This is where
algebra meets art. Or they might express relarionships between
numbers in the real world, as they do in the laws of nature for
falling objects or planerary orbits or genetic frequencies in 2
population. This is where algebra meets science.

This division of algebra into two grand activities is not
standard (in fact, | just made it up), bur it seems to work pretty
well. In the next chapter I'll have more to say abour solving for
x, so for now let’s focus on formulas, starting with some easy
examples to clarify the ideas.

A few years ago, my daughter Jo realized something about
her big sister, Leah. “Dad, there’s always a number berween
my age and Leah’s. Right now I'm six and Leah’s eight, and
seven is in the middle. And even when we're old, like when I'm
twenty and she’s twenty-two, there will siill be a number in the
middlel”

Jo's observation qualifies as algebra (though no one but a
proud father would see it that way) because she was noticing
a relationship between two ever-changing variables: her age, x,
and Leah’s age, 3. No matrer how old both of them are, Leah
will always be two years older: y = x + 2.

Algebra is the langoage in which such partterns are most
naturaily phrased. It takes some practice to become fluent in
algebra, because it’s loaded with whar the French call faux amis,
“false friends™: a pair of words, each from a different language
(in this case, English and algebra), that sound relared and seem
to mean the same thing bur thart actually mean something hor-
ribly different from each other when translated.

For example, suppose the length of a hallway is y when
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measured in yards, and f when measured in feet. Write an
equation that relates y to f.

My friend Grant Wiggins, an education consultant, has
been posing this problem to students and faculry for years. He
says thar in his experience, students get it wrong more than half
the time, even if they have recently taken and passed an algebra
course,

If you think the answer is y = 3 welcome 1o the club.

It scems like such a straightforward translarion of the sen-
tence “One yard equals three feet.” But as soon as you try a few
numbers, you'll see that this formula gets everything backward.
Say the hallway is 10 yards long; everyone knows thar’s 30 feer.
Yet when you plug in y = 10 and f= 30, the formula doesn’
work!

The correct formula is £ = 3y. Here 3 really means “3
feet per yard.” When you multiply it by y in yards, the units
of yards cancel out and you're left with units of feet, as you
should be.

Checking that the units cancel properly helps avoid this
kind of blunder. For example, it could have saved the Verizon
customner scrvice reps (discussed in chaprer 5) from confusing
dollars and cents.

Another kind of formula is known as an identity. When
you factored or multiplied polynomials in algebra class, you
were working with identities. You can use them now to impress
your friends with nurmerical parlor tricks. Here’s one that im-
pressed the physicist Richard Feynman, no slouch himself at
mental math:

When I was at Los Alamos [ found out that Hans
Bethe was absolutely topnotch at calculating. For ex-
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ample, one time we were puming some numbers into
a formula, and got to 48 squared. I reach for the Mar-
chant caleulator, and he says, “Thar’s 2,300.” I begin to
push the buttons, and he says, “If you want it exactly,
irs 2,304.7

The machine says 2,304. “Gee! Thar’s prerty re-
markable!” 1 say.

“Don’t you know how to square numbers near 502”
he says. “You square 50 —thar’s 2,500 —and subtract
100 times the difference of your number from 50 (in
this case i’s 2), so you have 2,300. If you want the
correction, square the difference and add it on. That
makes 2,304.”

Bethe's trick is based on the identity

{50 + )% = 2,500 + 100x + x2.
He had memorized that equation and was applying it for the
case where x is -2, corresponding o the number 48 = 50 - 2.

For an inguitive proof of this formula, imagine 2 square
patch of carper that measures 50 + x on each side.

50 X

30 2500 50x

x 50x x2
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Then its area is (30 + x) squared, which is what we're looking
for. But the diagram above shows that this area is made of a 50-
by-50 square (this contributes the 2,500 to the formuls), two
rectangles of dimensions 50 by x (each contributes an arez of

50, for a combined total of 100x}, and finally the liztle x-by-x
square gives an area of x squared, the final term in Bethe’s for-
mula.

Relationships like these are not just for theoretical physi-
cists. An identity similar to Bethe’s is relevant to anyone who
has money invested in the stock marker. Suppose your portfo-
lio drops catastrophically by 50 percent one year and then gains
50 percent the next. Even after that dramatic recovery, youd
still be down 25 percent. To see why, observe that a 50 per-
cent loss multiplies your moeney by 0.50, and a 50 percent gain
muliplies it by 1.50. When those happen back to back, your
money multiplies by 0.50 times 1.50, which equals 0.75—in
other words, a 25 percent loss.

In fact, you never get back to even when you lose and gain
by the same percentage in consecutive years. With algebra we
can understand why. It follows from the identiry

(1-x)(1+x)=1=x%

In the down year the portfolio shrinks by a factor 1 —x (where
x=0.50 in the example above), and then grows by a factor t +x
the following year. So the net change is 2 factor of

{(1-2x)(1 +x)

and according to the formula above, this equals

1-x2
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The point is that this expression is always less than 1 for any x
other than 0. So you never completely recoup your losses.

Nezdless to say, not every relationship berween variables
is as straightforward as those above. Yet the allure of algebra
is seductive, and in gullible hands it spawns such silliness as 2
formula for the socially acceptable age difference in a romance.
According to some sites on the Interner, if your age is x, po-
lire society will disapprove if you date someone younger than
xf2+7.

In other words, it would be creepy for anyone over eighty-
two to eye my forry-eight-year-old wife, even if she were avail-
able. Bur eighty-one? No problem.

Ick. Ick. Ick. . .

TR
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Finding Your Roots

FOR MORE THAN 2,500 years, mathematicians have been ob-
sessed with solving for x. The story of their struggle to find the
roots—the solutions—of increasingly complicated equations
is one of the grear epics in the history of human thoughr.

One of the eatliest such problems perplexed the citizens of
Delos around 430 =.c. Desperate to stave off 2 plague, they
consulted the oracle of Delphi, who advised them to double
the volume of their cube-shaped alear to Apollo. Unfortu-
nately, it turns out that doubling a cube’s volume required
them to construct the cube root of 2, a task that is now known
to be impossible, given their restriction to use nothing but
a straightedge and compass, the only tools allowed in Greek
geometry.

Later studies of similar problems revealed another irritant,
2 nagging little thing that wouldn't go away: even when solu-
tions were possible, they often involved square roots of nega-
tive numbers. Such solutions were long derided as sophistic or
fictitious because they seemed nonsensical on their face.

Until the 1700s or so, mathemaricians believed that square
roots of negative numbers simply couldn’t exist.
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They couldn’t be positive numbers, after all, since a posi-
tive times a positive is always positive, and we're Jooking for
numbers whose square is negative. Nor could negative num-
bers work, since a negative times a negative is, again, positive.
There seemed to be no hope of finding numbers that when
multiplied by themselves would give negative answers.

We've seen crises like this before. They occur whenever an
existing operation is pushed too far, into a2 domain where it
no longer seems sensible. Just as subtracting bigger numbers
from smaller ones gave rise to negative numbers (chapter 3)
and division spawned fracrions and decimals (chapter 5), the
freewheeling use of square roots eventually forced the universe
of numbers to expand . . . again.

Historically, this step was the most painful of all. The
square root of —1 still goes by the demeaning name of i, for
“imaginary.”

This new kind of number {or if youd rather be agnos-
tic, call it a symbol, not a number) is defined by the property
that

It’s true that 7 cant be found anywhere on the number line. In
that respect it’s much stranger than zero, negative numbers,
fractions, or even irrarional numbers, all of which—weird as
they are—still have their places in line.

But with enough imagination, our minds can make room
for 7 as well. It lives off the number line, at right angles to it, on
its own imnaginary axis. And when you fuse thar imaginary axis
1o the ordinary “real” number line, you create a 2-D space—a
plane—where a new species of numbers lives.
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These are the complex numbers. Here “complex” doesn’t mean
“complicated”; it means that two types of numbers, real and
imaginary, have bonded together to form a complex, a hybrid
number like 2 + 34

Complex numbers are magnificent, the pinnacle of num-
ber systems. They enjoy all the same properties as real num-
bers—you can add and subtract them, multiply and divide
them —but they are berzer than real numbers because they al-
ways have roots. You can take the square root or cube root or
any root of a complex number, and the result will still be 2
complex number,

Better yet, a grand statement called the fundamental theo-
rem of algebra says that the roots of any polynomial are always
complex numbers. In that sense they're the end of the quest,
the holy grail. The universe of numbers need never expand
again. Complex numbers are the culmination of the journey
that began with 1.

You can appreciate the urility of complex numbers (or find
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it more plausible) if you know how to visualize them. The key
is w0 understand whar multiplying by 7 looks like. Suppose we
multiply an arbitrary positive number, say 3, by 7. The result is
the imaginary number 3i.

3;1_‘ 2,
\*%

2

i

—32 -

So multiplying by # produces a rotation counterclockwise by
a quarter turn. It takes an arrow of length 3 pointing east and
changes it into a new atrow of the same length but now point-
ing north.

Flectrical engineers love complex numbers for exactly this
reason. Having such a compact way to represent 90-degree ro-
tations is very useful when working with alternating currents
and voltages, or with electric and magnetic fields, because these
often involve oscillations or waves that are a quarter cycle (i.c.,
90 degrees) out of phase.

In fact, complex numbers are indispensable to all engineers.
In aerospace engineering they eased the first caleulations of the
lift on an airplane wing. Civil and mechanical engineers use
them routinely to analyze the vibrations of footbridges, sky-
scrapers, and cars driving on bumpy roads.

The 90-degree rotation property also sheds light on what
i? = =1 really means. If we mulriply a positive number by #2,
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the corresponding arrow rotates 180 degrees, flipping from east
to west, because the two 90-degree rotations (one for each fac-
tor of 7} combine to make a 180-degree rotation.
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But multiplying by —1 produces the very same 180-degree flip.
That's the sense in which 72 = 1.

Computers have breathed new life into complex numbers
and the age-old problem of root finding. When they’re not be-

~ ing used for Web surfing or e-mail, the machines on our desks

can reveal things the ancients never dreamed of.

In 1976, my Cornell colleague John Hubbard began look-
ing at the dynamics of Newton’s method, a powerful algo-
rithm for finding roots of equations in the complex plane. The
method takes a starting point (an approximarion to the root)
and does a certain compuration that improves it. By doing this
repeatedly, always using the previous point to generate a better
one, the method bootstraps its way forward and rapidly homes
in on a root.

Hubbard was interested in problems with multiple roots. In
that case, which root would the method find? He proved that
if there were just two roots, the closer one would always win.
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But if there were three or more roots, he was baffled. His earlier
proof no longer applied.

So Hubbard did an experiment. A numerical experiment.

He programmed a computer 1o run Newton’s method. -
Then he told it to color-code millions of different starting
points according to which root they approached and 1o shade .
them according to how fast they got there.

Before he peeked ar the results, he anticipated that the roots
would most quickly attract the points nearby and thus should
appear as bright spots in a solid patch of color. Bug whar about
the boundaries between the patches? Those he couldn’ picture,
at least not in his mind’s eye.

The computer’s answer was astonishing.

ways in a three-way. In other words, wherever two colors mer,
the third would always insert itself and join them.

“The structure was a fractal—an intricate shape whose inner
structure repeated at finer and finer scales.

Furthermore, chaos reigned near the boundary. Tiwo points
might start very close together, bounce side by side for a while,
and then veer off to different roots. The winning root was as
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unpredicrable as the winning number in a game of rouleme.
Little things— tiny, imperceptible changes in the initial condi-
tions— could make all the difference.

Hubbard’s work was an early foray into whar's now called
complex dynamics, a vibrant blend of chaos theory, complex
analysis, and fractal geometry. In a way it brought geometry
back to its roots. In 600 B.C. 2 manual written in Sanskrit
for temple builders in India gave detailed geometric instruc-
tions for computing square roots, needed in the design of ritual
alrars. More than 2,500 years later, in 1976, mathemaricians
were still searching for roots, but now the instructions were
wiitten in binary code.

Some imaginary friends you never outgrow.
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Working Your Quads 10

THE QUADRATIC FORMULA is the Rodney Dangerfield of al-
gebra. Even though ic's one of the all-time greats, it don't get
no IESPCCL

Professionals certainly aren’t enamored of it. When mathe-
maticians and physicists are asked to list the top ten most beau-
tiful or important equarions of all time, the quadratic formula
never makes the cut. Oh sure, everybody swoons over 1 + 1 =
2, and E = mc2, and the pert lirtle Pythagorean theorem, strut-
ting like it’s all char just because #® + 6% = ¢2. But the quadraric
formula? Not a chance.

Admittedly, it's unsighely. Some students prefer to sound it
our, treating it 2s a rirual incantation: “x equals negative b, plus
or minus the square root of & squared minus four 4 ¢, all over
two 2" Others made of sterner stuff look the formula straight
in the face, confronting a hodgepodge of lerters and symbols
more formidable than anything they've encountered up o that
point: '

b+ B - dac

2a
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It's only when you understand whar the quadraric formula
is trying to do that you can begin to appreciate its inner beauty.
In this chapter I hope to give you 2 feeling for the cleverness
packed into that porcupine of symbols, along with a berrer
sense of what the formula means and where it arises.

There are many situations in which we'd like to figure out
the value of some unknown number. Whar dose of radiation
therapy should be given to shrink a thyroid tumor? How much
money would you have to pay each month to cover a thirty-
year mortgage of $200,000 at a fixed annual interest rate of 5
percent? How fast does a rocket have to go to escape the Earth’s
gravity?

Algebra is the place where we cut our teeth on the simplest
problems of this type. The subject was developed by Islamic
mathematicians around A.p. 800, building on earlier work by
Egypdan, Babylonian, Greek, and Indian scholars. One practi-
cal impetus at that time was the challenge of calculating inheri-
tances according to Islamic law.

For example, suppose a widower dies and leaves his entire
estate of 10 dirhams to his daughter and two sons. Islamic law
requires that both the sons must receive equal shares. More-
over, each son must receive twice as much as the daughrer.
How many dirhams will each heir receive?

Let’s use the letter x to denote the daughter’s inheritance.
Even though we don’t know what x is yet, we can reason about
it as if it were an ordinary number. Specifically, we know that
each son gets twice as much as the daughter does, so they each
receive 2x. Thus, raken together, the amount that the three
heirs inherir is x + 2x + 2x, for a total of 5x, and this must equal
the total value of the estate, 10 dirthams. Hence 5x = 10 dir-
hams. Finally, by dividing both sides of the equation by 5, we
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see that x = 2 dirhams is the daughrer’s share. And since each of
the sons inherits 2%, they both get 4 dirhams.

Notice that two types of numbers appeared in this prob-
lem: known numbers, like 2, 5, and 10, and unknown num-
bers, like x. Once we managed to derive a relationship between
the unknown and the known (as encapsulated in the equation
5x = 10), we were able to chip away at the equarion, dividing
both sides by 5 to isolate the urknown x. It was a bit like a
sculpror working the marble, trying to release the starue from
the stone.

A slightly different tactic would have been needed if we
had encountered a known number being subtracted from an
unknown, as in an equation like x — 2 = 5. To free x in this
case, we would pare away the 2 by adding it to both sides of
the equation. This yields an unencumbered x on the left and
5 + 2 = 7 on the right. Thus x = 7, which you may have already
realized by common sense.

Although this tactic is now familiar to all students of alge-
bra, they may not realize the entire subject is named after it.
In the carly part of the ninth centry, Muhammad ibn Musa
al-Khwarizeni, a mathematician working in Baghdad, wrote a
seminal textbook in which he highlighted the usefulness of re-
storing a quantity being subtracted (like 2, above) by adding it
to the other side of an equation. He called this process al-jabr
(Arabic for “restoring”), which later morphed into “algebra.”
Then, long after his death, he hit the etymological jackpot
again. His own name, al-Khwarizmi, lives on today in the word
“algorithm.”

In his textbook, before wading into the intricacies of cal-
culating inheritances, al-Khwarizmi considered a more com-
plicated class of equations that embody relationships among




70 RELATIONSHIPS

three kinds of numbers, not the mere two considered above.
Along with known numbers and an unknown (x), these equa-
tions also included the square of the unknown (x?). They are
now called quadraric equarions, from the Latin guadrasus, for
“square.” Ancient scholars in Babylonia, Egypt, Greece, China,
and India had already rackled such brainteasers, which often
arose in architectural or geometrical problems involving areas
or proportions, and had shown how to solve some of them.
An example discussed by al-Khwarizmi is

x%+ 10x = 39,

In his day, however, such problems were posed in words, not
symbols. He asked: “What must be the square which, when in-
creased by ten of its own roots, amounts to thirty-nine?” (Here,
the term “root” refers to the unknown x.)

This problem is much tougher than the two we considered
above. How can we isolate x now? The tricks used earlier are
insufficient, because the x2 and 10x terms tend to step on each
other’s toes. Even if you manage to isolate x in one of them,
the other remains troublesome. For instance, if we divide both
sides of the equation by 10, the 10x simplifies to x, which is
what we want, bur then the x? becomes x?/10, which brings us
no closer to finding x itself. The basic obstacle, in 2 nutshell, is
that we have to do two things at once, and they seem almost
incompatible.

The solution that al-Khwarizmi presents is worth delv-
ing into in some detail, first because it's so slick, and second
because it’s so powerful —ir allows us to solve #// quadratic
equations in a single stroke. By that I mean that if the known
numbers 10 and 39 above were changed to any other numbers,
the method would still work.

WORKING YOUR QUADS 71

The idea is to interpret each of the terms in the equation
geometrically. Think of the first texm, x?, as the area of a square
with dimensions x by x.

®

Similarly, regard the second term, 10z, as the area of a rectangle
of dimensions 10 by x or, more ingenious, as the area of two
equal rectangles, each measuring 5 by x. (Splitting the re e
into two pieces sets the stage for the key maneuver thar follows,
known as completing the square.)

5x {5

10| 10x

5% |5

Artach the two new rectangles onto the square to produce a
notched shape of area x? + 10x:
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Viewed in this light, al-Khwarizmi’s puzzle amounts to ask-
ing: If the notched shape occupies 39 square units of area, how
large would x have to be?

x 5
x x3 Sx
_ 39
5| 5x
x4+ 10x = 39

The picture irself suggests an almost irresistible next step. Look
at that missing corner. If only it were filled in, the notched
shape would murn into a perfect square. So let’s take the hint
and complete the square.

x 5
x| x? 5x
= 39 + 25
5 5x| 25
x
(x+5)2 = 64

Supplying the missing 5 x 5 square adds 25 square units o
the existing area of x? + 10x, for a total of x% + 10x + 25.
Equivalently, that combined area can be expressed more neatly
as (x + 5)2, since the completed square is x + 5 units long on

each side.
The upshot is that x and 10x are now moving gracefully
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as a couple, rather than stepping on each other’s toes, by being
paired within the single expression (x + 5)2. That's whar will
soon enable us to solve for x.

Meanwhile, because we added 25 units of area to the left
side of the equation x2 + 10x = 39, we must also 2dd 25 to the
right side, to keep the equation balanced. Since 39 + 25 = 64,
our equation then becomes

{x + 5)% = 64.

But that’s a cinch to solve. Taking square roots of both sides
givesx+3=8,s0x=3.

Lo and behold, 3 really does solve the equation x2 + 10x =
39. If we square 3 (giving 9) and then add 10 times 3 (giving
30), the sum is 39, as desired.

There’s only one snag. If al-Khwarizmi were taking algebra
today, he wouldn't receive full credit for this answer. He fails to
mention that a negative number, x = 13, also works. Squar-

~ ing it gives 169; adding it ten times gives —130; and they too

add up to 39. But this negative solution was ignored in ancient
times, since a square with a side of negative length is geometri-
cally meaningless. Today, algebra is less beholden to geometry
and we regard the positive and negative solutions as equally
valid.

In the centuries after al-Khwazrizmi, scholars came to real-
ize that 4// quadratic equations could be solved in the same
way, by complering the square—as long as one was willing
to allow the negative numbers (and their bewildering square
roots) that often came up in the answers. This line of argument
revealed that the solutions to any quadratic equation

ax* + bx+c=0




74 RELATIONSHIPS

(where a, &, and ¢ are known but arbitrary numbers, and x is
unknown) could be expressed by the quadratic formula,

b~ - dac

X=
2a

What's so remarkable about this formula is how brutally ex-
plicit and comprehensive it is. There’s the answer, right there,
no matrer what &, &, and ¢ happen w0 be. Considering thar
there are infinitely many possible choices for each of them,
that's 2 lot for a single formula to manage.
In our own time, the quadratic formula has become an ir-
replaceable tool for practical applications. Engineers and sci-
entists use it to analyze the tuning of a radio, the swaying of 2
footbridge or a skyscraper, the arc of a baseball or a cannonball,
the ups and downs of animal populations, and countless other
real-world phenomena.
For a formula born of the mathematics of inheritance,

that’s quite a legacy.

Power Tools

Ir vou WERE an avid television warcher in the 1980s, you
may remember a clever show called Moonlighting. Known for
its snappy dialogue and the romantic chemistry berween its
costars, it fearured Cybill Shepherd and Bruce Willis as Mad-
die Hayes and David Addison, a couple of wisecracking private
detectives.
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While investigating one particularly tough case, David asks
- a coroner’s assistant for his best guess about possible suspects.
“Beats me,” says the assistant. “But you know whar I don’t
understand?” David replies, “Logarithms?” Then, reacting to
Maddie’s look: “What? You understood those?”

That pretty well sums up how many people feel about loga-
rithms. Their peculiar name is just part of their image problem.
Most folks never use them again after high school, at least not
consciously, and are oblivious to the logarithms hiding behind
the scenes of their daily lives.

The same is true of many of the other functions discussed
in algebra II and precalculus. Power fonctions, exponential
functions—what was the point of all that? My goal in this
chaprer is to help you appreciate the function of all those func-
tions, even if you never have occasion to press their burtons on
your calculator.

A mathematician needs functions for the same reason that
a builder needs hammers and drills. Tools transform things. So
do functions. In fact, mathematicians often refer to them as
transformations because of this. Bur instead of wood and steel,
the materials that functions pound away on are numbers and
shapes and, sometimes, even other functions.

To show you whar I mean, let’s plot the graph of the equa-
tion y = 4 — x2 You may remember how this sort of activity
goes: You draw a picture of the xy plane with the x-axis run-
ning horizontally and the y-axis vertically. Then for each x you
compure the corresponding y and plot them together as a single
point in the xy plane. For example, when x is 1, the equation
says y = 4 — 12, which is4 - 1, or 3. So (x,3) = (1,3) is a point
on the graph. After you calculate and plot a few more points,
the following picture emerges. :
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The bowed shape of the curve is due 1o the action of math-
emarical pliers. In the equation for y, the function thar trans-
forms x into x* behaves a lot like the common tool for bending
and pulling things. When it’s applied to every point on a piece
of the x-axis (which you could visualize as a straight piece of
wire), the pliers bend and elongare thar piece into the down-
ward-curving arch shown above.

And what role does the 4 play in the equation y = 4 — x??
It acts like a nail for hanging a picture on a wall. It lifts up the
benr wire arch by 4 units. Since it raises all points by the same
amount, it's known as a constant function.

This example iHlustrates the dual pature of functions. On
the one hand, they’re tools: the x? bends the piece of the x-axis,
and the 4 lifts it. On the other hand, they’re building blocks:
the 4 and the —x2 can be regarded as component parts of a
more complicated function, 4 — x2, just as wires, batteries, and
transistors are component parts of a radio.

Once you start to look at things this way, you'll notice
functions everywhere. The arching curve above —technically
known as a parabola—is the signature of the squaring func-

(%)
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tion x? operating behind the scenes. Look for it when you're
taking a sip from a water fountain or watching a baskerball arc
toward the hoop. And if you ever have a few minutes to spare
on 2 layover in Detroit’s international airport, be sure to stop
by the water feature in the Delta terminal to enjoy the world’s
most breathtaking parabolas at play.

Parabolas and constants arc associated with a wider class of
funcrions— power functions of the form x™ in which a vari-
able x is raised to a fixed power 7. For a parabola, 7 = 2; fora
constaat, 7 = 0.

Changing the value of 7z yields other handy tools. For
example, raising x to the first power (n = 1) gives a function
that works like a ramp, a steady incline of growth or decay.
It's called a linear function because its xy graph is a line. f you
Jeave 2 bucket out in a steady rain, the water collecting ar the
bottom rises linearly in time.

Another useful tool is the inverse square function, 1/x2,
corresponding to the case 7 = —2. {The power becomes -2
because the function is an inverse square; the x2 appears in
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the denominator.) This function is good for describing how

waves and forces attenuate as they spread our in three dimen-

sions— for instance, how a sound softens as it . moves away
from its source.

Power functions like these are the building blocks that sci-
entists and engineers use to describe growth and decay in their
mildest forms.

But when you need mathematical dynamite, it’s time to
unpack the exponential funcrions. They describe all sorts of
explosive growth, from nuclear chain reactions to the prolif-
eration of bacteria in a petri dish. The most familiar example
is the funcrion 10%, in which 10 is raised to the power x. Make
sure not to confuse this with the earlier power functions. Here
the exponent (the power x) is a variable, and the base (the
number 10) is a constant—whereas in a power function like
x2, it’s the other way around. This switch makes a huge dif-
ference: as x gets larger and larger, an exponendal function of
x eventually grows faster than any power function, no marter
how large the power. Exponential growth is almost unimagin-
ably rapid.

That's why it’s so hard to fold a piece of paper in half more
than seven or eight times. Each folding approximately dou-
bles the thickness of the wad, causing it to grow exponentially.
Meanwhile, the wad’s length shrinks in half every time, and
thus decreases exponentially fast. For a standard sheet of note-
book paper, after seven folds the wad becomes thicker than it
is long, so it can’t be folded again. It doesn't matter how strong
the person doing the folding is. For a sheet to be considered le-
gitimately folded 7 times, the resulting wad is required to have
27 layers in a straight line, and this can't happen if the wad is
thicker than it is long.
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The challenge was thought to be impossible until Britney
Gallivan, then a junior in high school, solved it in 2002. She
began by deriving a formula

L= 1‘61"(2" L A2 1)

that predicted the maximum number of times, #, that paper
of a given thickness 7 and length L could be folded in one
direction. Notice the forbidding presence of the exponential
function 2% in two places— once to account for the doubling
of the wad’s thickness at each fold, and another time to account
for the halving of its length.

Using her formula, Britney concluded that she would need
to use a special roll of toilet paper nealy three-quarters of a
mile long. She bought the paper, and in January 2002, sh.e
went to a shopping mall in her hometown of Pomona, Cali-
fornia, and unrolled the paper. Seven hours later, and with the
help of her parents, she smashed the world record by folding
the paper in half twelve times! :

In theory, exponendal growth is also supposed w grace
your bank account. If your money grows ar an annual interest
rate of 7, after one year it will be worth (1 + 7) times your origi-
nal deposit; after two years, (1 + 7% and after x years, (1 +_r)"
times your initial deposit. Thus the miracle of cor.npoundu?g
that we so often hear about is caused by exponential growth in

action,

Which brings us back to logarithms. We need them be-
cause it’s useful to have tools that can undo the actons of other
tools. Just as every office worker needs both a stapler and a
staple remover, every mathematician needs exponential func-

POWER TOOLS 81

tions and logarithms. They're inverses. This means that if you
type 2 number x into your calculator and then punch the 10
button followed by the log x button, you'll get back to the
number you starred with. For example, if x = 2, then 10 would
be 10%, which equals 100. Taking the log of that then brings
the result back to 2; the log button undoes the action of the 10*
burron. Hence log(100) equals 2. Likewise, log(1,000) = 3 and
log(10,000) = 4, because 1,000 = 10% and 10,000 = 104
Notice something magical here: as the numbers inside the
logarithms grew multiplicasively, increasing tenfold each time
from 100 to 1,000 to 10,000, their logarithms grew addizively,
increasing from 2 to 3 to 4. Our bfding perform a similar wrick
when we listen to music. The frequencies of the notes in a
scale— do, re, mi, fa, sol, la, 1i, do—sound to us like they're
rising in equal szeps. But objectively their vibrational frequencies
are rising by equal multiples. We perceive pitch logarithmically.
In every place where they arise, from the Richter scale for
earthquake magnitudes to pH measures of acidity, logarithms
make wonderful compressors, They're ideal for taking quanti-
ties that vary over a wide range and squeezing them together
so they become more manageable. For instance, 100 and 100
million differ 2 millionfold, a gulf that most of us find incom-
prehensible. But their logarithms differ only fourfold (they are
2 and 8, because 100 = 102 and 100 million = 10%). In con-
versation, we all use a crude version of logarithmic shorthand
when we refer to any salary between $100,000 and $999,999
as being six figures. That “six” is roughly the logarithm of these
salaries, which in fact span the range from five to six.
As impressive as all these functions may be, a mathema-
tician’s toolbox can only do so much—which is why I still
haven’t assembled my Ikea bockcases.




